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The Bridgeman-Kahn identity for hyperbolic manifolds with
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NICHOLAS G. VLAMIS
ANDREW YARMOLA
In this note, we extend the Bridgeman-Kahn identity to all finite-volume orientable hyperbolic
n-manifolds with totally geodesic boundary. In the compact case, Bridgeman and Kahn are
able to express the manifold’s volume as the sum of a function over only the orthospectrum.
For manifolds with non-compact boundary, our extension adds terms corresponding to
intrinsic invariants of boundary cusps.
1 Introduction
Let M be a oriented finite-volume hyperbolic n-manifold with nonempty totally geodesic
boundary. An orthogeodesic is a (nonoriented) geodesic arc perpendicular to ∂M at both ends.
The collection of all orthogeodesics on M is denoted OM . The orthospecturm, denoted |OM|,
is the multiset of lengths of elements of OM counted with multiplicity. When M is compact,
Bridgeman-Kahn [BK10] show
Vol(M) =
∑
`∈|OM |
Fn(`),
where Vol(M) is the hyperbolic volume of M and Fn : R+ → R+ is a decreasing function
expressible as an integral of an elementary function. We will refer to Fn as the nth -Bridgeman-
Kahn function.
In dimension 2, Bridgeman in [Bri11] gives an explicit formula for F2 and also extends the
identity to all finite-area orientable hyperbolic surfaces with totally geodesic boundary. His work
yields the following beautiful identity: Let S be an oriented finite-area hyperbolic surface with
nonempty totally geodesic boundary and m boundary cusps, then
Area(S) =
pi
3
m +
∑
`∈|OS|
2
pi
L
(
sech2
`
2
)
,
where L(z) is the Rogers dilogarithm. By applying this identity to ideal polygons in H2 ,
Bridgeman was able to give purely geometric proofs of classical functional equations for the
Rogers dilogarithm and provide infinite families of new ones.
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2 Nicholas G. Vlamis and Andrew Yarmola
Masai and McShane [MM13] using an integral formula of Calagari [Cal10] were able to give a
closed form for F3 :
F3(`) =
2pi(`+ 1)
e2` − 1 .
As pointed out above, the Bridgeman-Kahn identity extends to non-compact finite-area hyperbolic
surfaces. The purpose of this note is to extend the identity to non-compact finite-volume hyperbolic
n-manifolds with totally geodesic boundary for n ≥ 3.
Theorem 1.1 For n ≥ 3 and M an oriented finite-volume hyperbolic n-manifold with nonempty
totally geodesic boundary, let B be the set of boundary cusps of M and let |O(M)| be the
orthospectrum. For every c ∈ B, let Bc be an embedded horoball neighborhood of c in M and
let dc be the Euclidean distance along ∂Bc between the two boundary components of c, then
Vol(M) =
∑
`∈|O(M)|
Fn(`) +
H(n− 2) Γ (n−22 )√
pi Γ
(n−1
2
) ∑
c∈B
Vol(Bc)
d n−1c
where Fn is the nth -Bridgeman-Kahn function, Vol is the hyperbolic volume, Γ(·) is the gamma
function, and H(m) is the mth harmonic number.
The idea of the proof of this identity – as well as the original Bridgeman-Kahn identity – is to give
a full measure decomposition of the unit tangent bundle of a manifold into pieces indexed by the
orthogeodesics and boundary cusps. Finding the volume of the pieces indexed by orthogeodesics
is the main content of [BK10]. Here, after describing the decomposition, the main content is
calculating the volume of the pieces associated to boundary cusps. In §3 we give an example of
a manifold with boundary cusps and calculate its cusp invariants with help from SnapPy.
The standard reference for coordinate versions of the volume form on the unit tangent bundle is
Theorem 8.1.1 in a classic of Nicholls [Nic89]. However, there is an error in the calculation and
the formula given is off by a factor of 2n−2 . We record the corrected version here:
Theorem 1.2 Let dV be the hyperbolic volume form on Hn+1 and let dω be the spherical
volume form on Sn . Let dΩ = dVdω be the standard volume form on T1Hn+1.
(a) In the upper half space model of Hn+1 , dΩ is given by
dΩ =
2ndx dy dt
|x− y|2n ,
where T1Hn+1 is equipped with the geodesic endpoint parameterization
T1Hn+1 ∼= {(x, y, t) ∈ Rˆn × Rˆn × R : x 6= y}.
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(b) In the conformal ball model of Hn+1 , dΩ is given by
dΩ =
2ndω(p) dω(p) dt
|p− q|2n ,
where T1Hn+1 is equipped with the geodesic endpoint parameterization
T1Hn+1 ∼= {(p,q, t) ∈ Sn × Sn × R : p 6= q}.
This correction affects the asymptotincs for the nth -Bridgeman-Kahn function as stated in [BK10].
We provide the necessary adjustments here.
Lemma 1.1 ([BK10, Lemma 9]) Let Fn be the nth Bridgeman-Kahn function, then
(1) there exists Dn > 0, depending only on n, such that
Fn(l) ≤ Dn(el − 1)n−2
(2)
lim
l→0
ln−2 Fn(l) =
pi
n−2
2 H(n− 2) Γ ( n−22 )
Γ
(n−1
2
)
Γ
( n+1
2
)
(3)
lim
l→∞
e(n−1)l
l
Fn(l) =
2n−1 pi
n−2
2 Γ
(n
2
)
Γ
( n+1
2
)2
The proof of Theorem 1.2 relies on careful calculations of ball volumes in the different
parameterizations of the unit tangent bundle. We do not include them here. We refer the
interested reader to the second author’s thesis [Yar16, Chapter 5, §3].
Acknowledgements.
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2 Background on hyperbolic manifolds
In this note we will use the conformal ball and upper half space models for hyperbolic n-space
Hn . A reference for this subsection is [Rat13]. Throughout, let ∂Hn denote the boundary at
infinity of hyperbolic space, ds the length element and dV the volume element of Hn . The
norm | · | will always denote the standard Euclidean norm |x| =
√
x21 + . . .+ x2n for x ∈ Rn
and {ei}ni=1 will be the standard basis for Rn.
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Recall that in the conformal ball model, one has
Hn ∼= {x ∈ Rn : |x| < 1} = Bn, ∂Hn ∼= {x ∈ Rn : |x| = 1} = Sn−1,
ds =
2|dx|
1− |x|2 , and dV =
2ndx
(1− |x|2)n .
Complete geodesics are realized as circular arcs perpendicular to Sn−1 and a hyperplane is the
intersection of Bn with an (n− 1)-sphere perpendicular to Sn−1 .
In the upper half space model, one has
Hn ∼= {x ∈ Rn : xn > 0} = Un, ∂Hn ∼= {x ∈ Rn : xn = 0} ∪ {∞} = Rˆn−1
ds =
|dx|
xn
, and dV =
dx
(xn)n
.
Similarly, complete geodesics are circular arcs or lines perpendicular to Rˆn−1 and a hyperplane is
the intersection of Un with an (n− 1)-sphere or a Euclidean hyperplane perpendicular to Rˆn−1 .
A halfspace is the closure of a connected component of Hn cut by a hyperplane. A horoball is
a Euclidean ball tangent to ∂Hn and contained in Hn in either of these models. In the upper
half space model, a horoball can also be realized as {x ∈ Rn : xn > a > 0}. The boundary of a
horoball is called a horosphere and is Euclidean in the induced path metric from Hn .
A hyperbolic n-manifold with totally geodesic boundary M can be defined as an orientable
manifold with boundary that admits an atlas of charts {ϕα : Uα → Dα}, where Dα ⊂ Hn are
closed halfspaces, ϕα(Uα ∩ ∂M) = ϕα(Uα) ∩ ∂Dα , and the transition maps are restrictions of
elements of Isom+(Hn). We will assume that all our manifolds are complete, in the sense that
the developing map D : M˜ → Hn is a covering map onto the hyperbolic convex hull of some
subset of ∂Hn . If fact, when M has finite volume, it can be shown that D is an isometry and
D(M˜) is a countable intersection of closed half-spaces bounded by mutually disjoint hyperplanes.
Further, if Γ is the image of the holonomy map, then M ∼= CH(ΛΓ)/Γ, where ΛΓ = Γ · x∩ ∂Hn
for any x ∈ Hn is the limit set of Γ and CH(·) denotes the hyperbolic convex hull (see [Thu91]).
In [Koj90], Kojima shows that whenever M is a complete finite volume hyperbolic n-manifold
with totally geodesic boundary and n ≥ 3, then ∂M is a complete finite volume hyperbolic
(n− 1)-manifold. In particular, if X ⊂ ∂M is a boundary component, then X˜ is a hyperplane in
∂M˜ by completeness.
2.1 Cusps
Let M be a complete finite-volume hyperbolic n-manifold with or without boundary. Let
Γ ≤ Isom+(Hn) denote the image of the holonomy map for M and M˜ denote the the image of
the developing map for M . Recall that γ ∈ Γ is parabolic if and only if it has a unique fixed
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point on ∂Hn . A subgroup of Γ is called parabolic if all non-identity elements are parabolic.
Let C denote the set of conjugacy classes of maximal parabolic subgroups of Γ. The elements of
C are called cusps of M .
One can realize cusps as geometric pieces of M . Fix a representative Γc of a cusp c ∈ C and
recall that all non-identity γ ∈ Γc have the same unique fixed point x ∈ ∂Hn . By the Margulis
Lemma, there exists some horoball B˜ ⊂ Hn centered at x such that Bc = (B˜ ∩ M˜)/Γc embeds
into M . The piece Bc ⊂ M is called an embedded horoball neighborhood of c (see [Rat13]).
Following Kojima [Koj90], c arises in two different ways. We say c is an internal cusp of
M whenever Bc ∼= Ec × [0,∞) for some closed Euclidean (n − 1)-manifold Ec . We call c a
boundary cusp, or ∂ -cusp for short, whenever Bc ∼= E∂c × [0,∞) for some compact Euclidean
(n− 1)-manifold E∂c with totally geodesic boundary. In the case of a ∂ -cusp, ∂E∂c is composed
to two parallel components which correspond to horoball neighborhoods of cusps of ∂M . In
particular, a ∂ -cusp gives rise to a pair of cusps in ∂M . In the universal cover, a ∂ -cusp
corresponds to a point of tangency between two hyperplanes in ∂M˜ . The set of boundary cusps
of M will be denoted B.
2.2 Unit tangent bundle
Let dV denote the hyperbolic volume form on Hn and let dω be the volume element on Sn−1
induced from the Euclidean volume form on Rn with
Vol(Sn−1) =
2pin/2
Γ(n/2)
.
The natural volume element on the unit tangent bundle T1Hn of Hn is given by dΩ = dV dω .
Here, natural means that dΩ is invariant by the action of the group of hyperbolic isometries
Isom(Hn).
For computations, we will use the geodesic endpoint parameterization for T1Hn defined as
follows. Fix a base point O ∈ Hn . For convenience, we will choose the origin 0 ∈ Rn in the
conformal ball model and en ∈ Un . In the geodesic endpoint parametrization a point v ∈ T1Hn
is mapped to a triple (ξ−, ξ+, t) ∈ ∂Hn×∂Hn×R where ξ−, ξ+ are the backwards and forwards
endpoints of the geodesic defined by v, respectively. On this geodesic there is a closest point
p(ξ−, ξ+) to O, called the reference point. The value of t is the signed hyperbolic distance along
this geodesic from p(ξ−, ξ+) to the basepoint of v. This assignment gives a bijection
T1Hn ∼= {(ξ−, ξ+, t) ∈ ∂Hn × ∂Hn × R : ξ− 6= ξ+}.
We express dΩ with respect to this parametrization using Theorem 1.2 as stated in the introduction.
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Figure 1: Whitehead link Figure 2: A piece of the Apollonian strip in ∂U3
3 An Apollonian manifold
Before moving on to the proof of Theorem 1.1, we explore an example of a 3-manifold M
with ∂ -cusps and compute the cusp invariants in the extended Bridgeman-Kahn identity. In his
course notes on Riemann surfaces, dynamics and geometry, McMullen remarks on the following
wonderful construction [McM14, §6.15] (see also [Oh14, §2] and [MSW02, Chapter 7] for
additional details). To begin, we take the complement in S3 of the Whitehead link, shown in
Figure 1. The complement admits a unique complete hyperbolic structure N with two internal
cusps. The shaded surface in Figure 1 is isotopic, relative to the torus boundary components, to
a totally geodesic thrice punctured sphere Σ in N . Cutting along Σ, one obtains a hyperbolic
manifold M with totally geodesic boundary with three ∂ -cusps. Fascinatingly, the limit set of the
holonomy representation for M is conjugate to the Apollonian strip in ∂U3 shown in Figure 2.
A
B
CD
Figure 3: B˜r ∪ B˜b wth a red (light) cusp at infinity.
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B
A
C
Figure 4: B˜r ∪ B˜b with a blue (dark) cusp at infinity.
Using SnapPy [CDGW], we can get a geometric picture of N and find the invariants associated
to the boundary cusps of M . Let {r, b} be the cusps of N . We will call r the red (or light) cusp
and b the blue (or dark) cusp. Note that there is an isometry ρ of N exchanging r, b, so we
are not making any hidden choices. In fact, we may choose ρ-symmetric embedded horoball
neighborhoods Br,Bb of r, b in N that are jointly maximal. Each Br and Bb has volume
√
2.
Figure 3 is a diagram of B˜r ∪ B˜b as viewed from the perspective of a red (light) horoball at
infinity and Figure 4 is the perspective form the blue (dark) horoball at infinity. The highlighted
rectangles are fundamental domains of the corresponding maximal parabolic subgroups fixing
infinity. The rectangles have sides of Euclidean length 4
√
2 and 2 4
√
2 on both ∂Br and ∂Bb . The
numbered edges in Figure 3 and Figure 4 are hyperbolic geodesics connecting ideal points of
horoballs. These edges correspond to the lift of an ideal triangulation of N and edges with the
same number are in the same pi1(N)-orbit. Note that there are edges that go out of the page and
up to the horoball at infinity.
In Figure 3 we find four horoballs with ideal points A,B,C,D. These points form a Euclidean
square and, in particular, there is a unique hyperbolic plane P containing these points. It follows
that A,B,C,D are the ideal points of an ideal quadrilateral Q contained in P. Furthermore, Q
projects to the cutting thrice-punctured sphere Σ as can be seen by the edge identifications.
The edge labels tell us that there is a parabolic isometry γA ∈ pi1(N) taking the geodesic with end
points {C,A} to the geodesic with endpoints {C,∞}. Since the derivative of a parabolic acting
on C at its fixed point is 1, we conclude that PA = γA(P) is perpendicular to the page with the
vertical line through C as its boundary. Similarly, there is a parabolic isometry γB ∈ pi1(N) taking
the geodesic with end points {D,B} to the geodesic with endpoints {D,∞} and PB = γB(P) is
perpendicular to the page with the vertical line through D as its boundary. By construction, the
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cusps of Σ arising from A and B cut ∂Br into two annuli. Further, from the geometry of PA and
PB , we see that each annulus has width
4
√
2 and area
√
2.
The third cusp of Σ cuts ∂Bb into one annulus as shown in Figure 4. To convince us of this
diagram, note that Q is the gluing of two ideal triangles: DAC , with edges (2, 2, 0), and CBD,
with edges (1, 1, 0). Figure 4 is the view from the point D at infinity. If we look at the orbit of
these triangles under pi1(N), we see that Figure 4 depicts exactly the hyperplanes in pi1(N) · P
perpendicular to the page. Therefore, the annulus has width 1/ 4
√
2 and area 2
√
2 on ∂Bb .
The ∂ -cusps of M can be labeled {r1, r2, b′}, corresponding to the annuli above. From our
analysis, dri =
4
√
2, db′ = 1/
4
√
2, Vol(ri) =
√
2/2 and Vol(b′) =
√
2. Additionally, it is well
known that Vol(M) = Vol(N) = 4 ·Catalan’s constant ≈ 3.66386. Theorem 1.1 and the work of
Masai-McShane [MM13] tells us that
4 · Catalan’s constant =
∑
`∈|O(M)|
2pi(`+ 1)
e2` − 1 + 1
 √2
2
(
4
√
2
)2 +
√
2
2
(
4
√
2
)2 +
√
2(
1/ 4
√
2
)2
 .
Let G(x) denote the inverse of F3(L), then, as F3 is decreasing, we have
` > G(4 · Catalan’s constant− 3) ≈ 1.62629
for all ` ∈ |O(M)|.
4 Identity for manifolds with cusped boundary
In this section, we prove the extended Bridgeman-Kahn identity:
Theorem 1.1 For n ≥ 3 and M an oriented finite-volume hyperbolic n-manifold with nonempty
totally geodesic boundary, let B be the set of boundary cusps of M and let |O(M)| be the
orthospectrum. For every c ∈ B, let Bc be an embedded horoball neighborhood of c in M and
let dc be the Euclidean distance along ∂Bc between the two boundary components of c, then
Vol(M) =
∑
`∈|O(M)|
Fn(`) +
H(n− 2) Γ (n−22 )√
pi Γ
(n−1
2
) ∑
c∈B
Vol(Bc)
d n−1c
where Fn is the nth -Bridgeman-Kahn function, Vol is the hyperbolic volume, Γ(·) is the gamma
function, and H(m) is the mth harmonic number.
Notice that Vol(Bc)/d n−1c is independent of the choice of embedded neighborhood Bc . The
asymptotics of our cusp coefficient are straightforward to analyze. In particular, one has
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Proposition 4.1 As n→∞,
H(n− 2) Γ (n−22 )√
pi Γ
(n−1
2
) = √ 2
pi
(
γ√
n
+
log(n)√
n
)
+ O
(
1
n3/2
)
where γ is Euler’s constant.
Proof This observation follows directly of the well known asymptotic of H(m) and Γ(z). As
m, z→∞,
H(m) = γ + log(m) +
1
2m
+ O
(
1
m2
)
,
Γ(z + a)
Γ(z + b)
= za−b
(
1 +
(a− b)(a + b− 1)
2z
+ O
(
1
z2
))
where we take z = n/2, a = −1 and b = −1/2.
Remark 4.2 (1) Observe that by (ii) of Lemma 1.1, one has
lim
l→0
ln−2 Fn(l) =
pi
n−2
2 H(n− 2) Γ (n−22 )
Γ
(n−1
2
)
Γ
( n+1
2
) = Vol(Sn)
2pi
H(n− 2) Γ ( n−22 )√
pi Γ
( n−1
2
) .
Since both of these quantities compute volumes of tangent vectors, it is possible that there
might be a direct relationship using a geometric rescaling argument. Unfortunately, our proof of
Theorem 1.1 does not provide such an insight.
(2) Additionally,
lim
n→2
H(n− 2) Γ (n−22 )√
pi Γ
( n−1
2
) = pi
3
,
which is the cusp coefficient in the surface case obtained by Bridgeman [Bri11].
We will start our proof by providing a full measure decomposition of the unit tangent bundle
following the work of [BK10] and [Bri11]. We then proceed by calculating the volume of each
piece in the decomposition.
4.1 Decomposition of the Unit Tangent Bundle
For the remainder of the article let M be as in the statement of Theorem 1.1. For each v ∈ T1M ,
let expv : Iv → M be the maximal – with respect to inclusion – unit speed geodesic with
exp′v(0) = v and Iv ⊂ R an interval. Define `v to be the length of expv . For each α ∈ O(M),
define
Vα = {v ∈ T1M | expv has finite length and expv is homotopic to α relative to ∂M}.
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A universal covering argument shows that Vol(Vα) only depends on the length of α . The function
relating Vol(Vα) and the length of the orthogeodesic α is the nth -Bridgeman-Kahn function:
Vol(Sn−1) · Fn(`(α)) = Vol(Vα).
To understand how much of the volume of T1M is covered by {Vα | α ∈ O(M)}, we recall
that the geodesic flow on a geodesically complete finite-volume hyperbolic manifold is ergodic
[Nic89, Theorem 8.3.7]. In particular, ergodicity of the geodesic flow for the double of M implies
that expv must hit ∂M in both directions for almost every v ∈ T1M . When M is compact, ∂M
is closed and every finite-length expv is homotopic to a unique orthogeodisc. In this setting,
it follows that
⋃
α∈O(M) Vα is full measure in T1M . To extend this construction to the case
where ∂M has a geometric structure with cusps, we must consider the volume of vectors that
exponentiate to finite arcs homotopic out a ∂ -cusp of M relative ∂M . Notice, we do not worry
about internal cusps of M as the set of vectors that wander off into an internal cusp has measure
zero by ergodicity.
For a ∂ -cusp c of M , let
Vc = {v ∈ T1M | expv is homotopic out c relative ∂M}.
Note that if v ∈ Vc , then expv has finite length. It immediately follows that
(1) Vol(T1M) =
∑
α∈O(M)
Vol(Vα) +
∑
c∈B
Vol(Vc)
The quantity Vol(Vα) = Vol(Sn−1)Fn(`(α)) is completely determined by `(α). Hence, it is left
for us to compute Vol(Vc).
4.2 Computing Vol(Vc)
In this Section, we work in the upper half space model of Hn to express Vol(Vc) in integral form
(see Equation (2) below). The integration will be performed in Secion 4.3.
Let c be a boundary cusp of M . There are exactly two boundary components X− and X+ of ∂M
that meet every horoball neighborhood of c. Let Bc be an embedded horoball neighborhood of c
in M and let dc denote the Euclidean distance along ∂Bc between X− and X+ . We fix a lift B˜c of
Bc tangent to ∂Hnat a point p. Such a choice determines unique lifts of X− and X+ to complete
hyperplanes H− and H+ in Hn , respectively, that cobound M˜ and satisfy H− ∩ H+ = p. Let
Γc < pi1(M) be the stabilizer of p. Recall that Γc is a discrete group of parabolic transformations.
Conjugating to take p 7→ ∞, we can assume that every element γ ∈ Γc acts on ∂Hn =
span〈e1, . . . , en−1〉 by γ(x) = aγ + Aγx , where Aγ is an orthogonal transformation, 0 6= aγ ∈
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U+U−
D
H+
H−
x
y
v
Figure 5: To compute Vol(Vc), we must find the volume of all vectors v ∈ T1V for which the corresponding
complete geodesic emanates from D and terminates in U+ .
∂Hn , and Aγaγ = aγ [Rat13, Theorem 4.7.3]. Further, we can assume
∂B˜c = {x ∈ Hn | xn = 1}
H− = {x ∈ Hn | x1 = 0}
H+ = dce1 + H−.
In particular, this implies that aγ · e1 = 0 and Aγe1 = e1 for all γ ∈ Γ . Let
V = {x ∈ Hn | 0 ≤ x1 ≤ dc}
denote the region between H− and H+ . Lastly, we also need to consider the two Γc -invariant
subsets
U− = {x ∈ ∂Hn | x1 < 0}
U+ = {x ∈ ∂Hn | x1 > dc}.
Given v ∈ Vc , let e˜xpv be a lift of expv to Hn such that e˜xpv is contained in V with endpoints
on H− and H+ . If we take γ to be the complete geodesic in Hn containing e˜xpv , then γ has
one endpoint in U− and the other in U+ . See Figure 5 for a diagram of this setup.
Let D be a fundamental domain for the action of Γc on U− , then
Vol(Vc) = 2 Vol{v ∈ T1V | v is tangent to a complete geodesic going from D to U+}.
For points x, y ∈ ∂Hn , let G(x, y) be the complete hyperbolic geodesic connecting x and y.
Define
L(x, y) = hyperbolic length of V ∩ G(x, y).
Note that L(x, y) = `v for every vector tangent to G(x, y) ∩ V .
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L(x1, y1)
x1 y1dcO
Figure 6: The diagram showing L(x1, y1) in the plane H2x,y for Lemma 4.3.
From Theorem 1.2, it follows that
(2) Vol(Vc) =
∫
Vc
dΩ = 2
∫
y∈U+
∫
x∈D
2n−1 L(x, y) dx dy
|x− y|2n−2
where we integrate out the dt to get L(x, y). As we see in Lemma 4.3 below, L(x, y) has a nice
form as a function of x1 and y1 .
Lemma 4.3 Let U±,L, and dc be as above. Let x = {x1, . . . , xn−1} ∈ U− and y =
{y1, . . . , yn−1} ∈ U+ , then
(3) L(x, y) =
1
2
log
(
y1(x1 − dc)
x1(y1 − dc)
)
.
Proof The case when n = 2 (see Figure 6) is proven in [BD07, Lemma 8]. We will use this
fact in what follows.
Without loss of generality, we may fix x = (x1, 0, . . . , 0) by applying parabolic transformations
that fix ∞ and preserve H−,H+ . We will show that L(x, y) depends only on x1, y1 and dc .
Consider Figure 7 showing x, y on ∂Hn . Here, G(x, y) is perpendicular to the page. There is
a hyperbolic 2-plane H2x,y transverse of H− in Hn whose boundary is the line through x, y.
Now give ∂H2x,y coordinates by defining 0 to be the point of intersection between ∂H− and
∂H2x,y . The coordinate of any other point z ∈ ∂H2x,y can be obtained by calculating the Euclidean
distance between ∂H− ∩ ∂H2x,y and z in ∂Hn .
It follows that L(x, y) is the length of the arc on the geodesic G(−u,w + v) lying above the
interval (0,w) in H2x,y , where u, v, and w are as in Figure 7. By construction, w = sec(θ) dc ,
u = sec(θ) |x1| and w + v = sec(θ) y1 . Since multiplication by sec(θ) is a hyperbolic isometry,
we see that the length of the arc on the geodesic G(x1, y1) lying above the interval (0, dc) in H2x,y
has length L(x, y) (see Figure 6). As we have reduced ourselves to the 2-dimensional case, we
can invoke [BD07, Lemma 8] to obtain the desired result.
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|y− y1e1|
|x1|
u
θ
y1 − dc
v
dcO
w
∂H+∂H− U+U−
x
y
y′
Figure 7: The diagram above shows the points x, y on ∂Hn without ∞ in the e1, . . . en−1 coordinates.
The point O = (0, . . . , 0) denotes the origin and horizontal is the e1 -axis.
4.3 Integration
To set up the integration, we observe that D = (−∞, 0)× D′ where D′ is a fundamental domain
for the action of Γc on ∂H− = {x ∈ ∂Hn | x1 = 0}. Also, U+ = (dc,∞) × Rn−2 , refer
once again to Figure 5. Applying our observations to Equation (2) and making the substituions
wi = yi − xi for i = 2, . . . n− 1, we obtain
Vol(Vc) = 2n−1
∫ 0
−∞
∫ ∞
dc
∫
D′
∫
Rn−2
log
(
y1(x1−dc)
x1(y1−dc)
)
dy2 . . . dyn−1 dx2 . . . xn−1 dy1 dx1√
(x1 − y1)2 +
∑n−1
i=2 (xi − yi)2
2n−2
= 2n−1
∫ 0
−∞
∫ ∞
dc
∫
D′
∫
Rn−2
log
(
y1(x1−dc)
x1(y1−dc)
)
dw2 . . . dwn−1 dx2 . . . xn−1 dy1 dx1√
(x1 − y1)2 +
∑n−1
i=2 w2i
2n−2 .
(4)
To integrate out wi for i = 2, . . . , n − 1, one can show with induction on k ≥ 3 and the
substitution w = A tan(θ) that
(5)
∫ ∞
−∞
dw√
w2 + A2
k =
1
Ak−1
∫ pi/2
−pi/2
cosk−2(θ)dθ =
√
pi Γ((k − 1)/2)
Ak−1 Γ(k/2)
.
The second equality following from the following calculation:
Lemma 4.4 For k ≥ 3, ∫ pi/2
−pi/2
cosk−2(θ)dθ =
√
pi Γ((k − 1)/2)
Γ(k/2)
.
Proof We proceed by induction on k . For k = 3, we have∫ pi/2
−pi/2
cos(θ)dθ = 2 =
√
pi · 1√
pi/2
=
√
pi Γ((3− 1)/2)
Γ(3/2)
.
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We also need to compute for k = 4,∫ pi/2
−pi/2
cos2(θ)dθ =
[
θ
2
+
sin(θ) cos θ
2
]pi/2
−pi/2
=
pi
2
=
√
pi(
√
pi/2)
1
=
√
pi Γ((4− 1)/2)
Γ(4/2)
.
Using the induction assumption for k > 4, we have∫ pi/2
−pi/2
cosk−2(θ)dθ =
[
cosk−3(θ) sin(θ)
k − 2
]pi/2
−pi/2
+
k − 3
k − 2
∫ pi/2
−pi/2
cosk−4(θ)dθ
= 0 +
√
pi ((k − 3)/2) Γ((k − 3)/2)
((k − 2)/2) Γ((k − 2)/2) =
√
pi Γ((k − 1)/2)
Γ(k/2)
.
Now, for wi with i ≥ 2, we let Ai =
√
(x1 − y1)2 +
∑n−1
j=i+1 w
2
j and k = 2n − i. Applying
equation (5) recursively for i ≥ 2, we obtain
Vol(Vc) =
2n−1pi(n−2)/2 Γ(n/2)
Γ(n− 1)
∫ 0
−∞
∫ ∞
dc
∫
D′
log
(
y1(x1−dc)
x1(y1−dc)
)
dx2 . . . xn−1 dy1 dx1
(y1 − x1)n
=
2n−1pi(n−2)/2 VolE(D′) Γ(n/2)
Γ(n− 1)
∫ 0
−∞
∫ ∞
dc
log
(
y1(x1−dc)
x1(y1−dc)
)
dy1 dx1
(y1 − x1)n ,
where VolE(D′) is the Euclidean volume of D′ . Note that VolE(D′) is finite. Indeed, the
fundamental domain for the action of Γc on {x ∈ Hn : xn > 1} is parametrized as [0, dc]×D′ ×
(1,∞). A standard calculation yields
VolE
(
D′
)
=
(n− 1) Vol(Bc)
dc
.
For the remaining integral, we turn to the following lemma, whose proof is temporarily postponed.
Lemma 4.5 For n ≥ 3∫ 0
−∞
∫ ∞
dc
log
(
y(x−dc)
x(y−dc)
)
dy dx
(y− x)n =
2H(n− 2)
(n− 1)(n− 2) d n−2c
It then follows from Lemma 4.5 that
Vol(Vc) =
2npi(n−2)/2 H(n− 2) Γ(n/2)
(n− 2) Γ(n− 1)
Vol(Bc)
d n−1c
.
In our setup so far, we have been calculating volume in the unit tangent bundle. To calculate the
volume of M , it is necessary to divide Vol(Vc) by Vol(Sn−1) to get
1
Vol(Sn−1)
Vol(Vc) =
2n−1 H(n− 2) Γ(n/2)2
pi (n− 2) Γ(n− 1)
Vol(Bc)
d n−1c
.
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By the duplication formula for Γ(·), one has
21−(n−1)
√
pi Γ(n− 1) = Γ
(
n− 1
2
)
Γ
(
n− 1
2
+
1
2
)
= Γ
(
n− 1
2
)
Γ
(n
2
)
.
Using this relation, we can simplify
1
Vol(Sn−1)
Vol(Vc) =
2 H(n− 2) Γ(n2 )√
pi (n− 2) Γ(n−12 )
Vol(Bc)
d n−1c
=
2 H(n− 2) ( n2 − 1)Γ( n−22 )√
pi (n− 2) Γ(n−12 )
Vol(Bc)
d n−1c
=
H(n− 2) Γ(n−22 )√
pi Γ( n−12 )
Vol(Bc)
d n−1c
.
(6)
Up to the proof of Lemma 4.5, our version of the Bridgeman-Kahn identity is complete by
assembling our computations and the decomposition in Equation (1).
Vol(M) =
∑
`∈|O(M)|
Fn(`) +
H(n− 2) Γ (n−22 )√
pi Γ
(n−1
2
) ∑
c∈B
Vol(Bc)
d n−1c
Proof of Lemma 4.5 We first split up the integral into three pieces
I =
∫ 0
−∞
∫ ∞
dc
log
(
y(x−dc)
x(y−dc)
)
dy dx
(y− x)n = I1 − I2 − I3
where
I1 =
∫ 0
−∞
∫ ∞
dc
log (dc − x) dy dx
(y− x)n =
(n− 2) log(dc) + 1
(n− 1)(n− 2)2 d n−2c
I2 =
∫ 0
−∞
∫ ∞
dc
log
(−x/y) dy dx
(y− x)n =
−H(n− 2)
(n− 1)(n− 2) d n−2c
I3 =
∫ 0
−∞
∫ ∞
dc
log (y− dc) dy dx
(y− x)n =
log (dc)− H(n− 3)
(n− 1)(n− 2) d n−2c
The equalities on the right come from Lemmas 4.6, 4.7 and 4.8 below. Combining, we have our
desired result:
I = I1 − I2 − I3
=
(n− 2) log(dc) + 1
(n− 1)(n− 2)2 d n−2c
+
H(n− 2)
(n− 1)(n− 2) d n−2c
+
H(n− 3)− log (dc)
(n− 1)(n− 2) d n−2c
=
1
(n− 1)(n− 2) d n−2c
(
1
n− 2 + H(n− 2) + H(n− 3)
)
=
2H(n− 2)
(n− 1)(n− 2) d n−2c
.
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Lemma 4.6
I1 =
(n− 2) log(dc) + 1
(n− 1)(n− 2)2 d n−2c
Proof
I1 =
∫ 0
−∞
∫ ∞
dc
log (dc − x) dy dx
(y− x)n
=
1
n− 1
∫ 0
−∞
log (dc − x) dx
(dc − x)n−1
=
1
n− 1
[
log(dc − x)
(n− 2)(dc − x)n−2 +
1
(n− 2)2(dc − x)n−2
]0
−∞
=
(n− 2) log(dc) + 1
(n− 1)(n− 2)2 d n−2c
Lemma 4.7
I2 =
−H(n− 2)
(n− 1)(n− 2) d n−2c
Proof We first use the change of coordinates z = x/y and y = y, where dy dx = ydy dz. With
the proper change in the limits of integration,
I2 =
∫ 0
−∞
∫ ∞
dc
log
(−x/y) dy dx
(y− x)n
=
∫ 0
−∞
∫ ∞
dc
log (−z) dy dz
yn−1 (1− z)n
=
1
(n− 2) d n−2c
∫ 0
−∞
log (−z) dz
(1− z)n
Next, we change coordinates to w = 1/(1− z) with dw = dz/(1− z)2 , giving
I2 =
1
(n− 2) d n−2c
∫ 1
0
log
(
1
w
− 1
)
wn−2dw
Let m = n− 2. We continue by splitting this integral into two parts,∫ 1
0
log
(
1
w
− 1
)
wmdw =
∫ 1
0
[
log (1− w)wm − log (w)wm] dw
=
∫ 1
0
log(1− w)
−m− 1 d
(
1− wm+1)− ∫ 1
0
log(w)
m + 1
d
(
wm+1
)
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As m ≥ 0, the two integrals inside are as follows∫ 1
0
log(1− w)
−m− 1 d
(
1− wm+1) = [ log(1− w) (1− wm+1)−m− 1
]1
0
− 1
m + 1
∫ 1
0
1− wm+1
1− w dw
= 0− H(m + 1)
m + 1
.
and ∫ 1
0
log(w)
m + 1
d
(
wm+1
)
=
[
log(w)wm+1
m + 1
]1
0
− 1
m + 1
∫ 1
0
wmdw
= 0− 1
(m + 1)2
Combining, we see that
(7)
∫ 1
0
log
(
1
w
− 1
)
wmdw =
1
m + 1
(
−H(m + 1) + 1
m + 1
)
=
−H(m)
m + 1
Lemma 4.8
I3 =
log (dc)− H(n− 3)
(n− 1)(n− 2) d n−2c
Proof Using the change of coordinates u = y/dc and z = x/y, so that dy dx = u d2c du dz, we
have
I3 =
∫ 0
−∞
∫ ∞
dc
log (y− dc) dy dx
(y− x)n
=
∫ 0
−∞
∫ ∞
1
log (dc(u− 1)) du dz
un−1(1− z)n d n−2c
=
1
d n−2c
(∫ 0
−∞
log (dc) dz
(1− z)n
∫ ∞
1
du
un−1
+
∫ 0
−∞
dz
(1− z)n
∫ ∞
1
log (u− 1) du
un−1
)
=
1
d n−2c
(
log (dc)
n− 1
1
n− 2 +
1
n− 1
∫ ∞
1
log (u− 1) du
un−1
)
.
We do one last change of coordinates to w = 1/u with dw = −du/u2 and reuse Equation (7) to
obtain
I3 =
1
(n− 1) d n−2c
(
log (dc)
n− 2 +
∫ 1
0
log
(
1
w
− 1
)
wn−3dw
)
=
1
(n− 1) d n−2c
(
log (dc)
n− 2 −
H(n− 3)
n− 2
)
=
log (dc)− H(n− 3)
(n− 1)(n− 2) d n−2c
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